Introduction: In spite of being perhaps the weirdest consequence from quantum mechanics [1] , the concept of entanglement plays an important role in many areas of physics: A key ingredient in quantum information, an order parameter in the phase transition in many-body systems [2] , a measure of renormalization group flow in quantum field theories [3] . The entanglement is also suggested as the origin of the black hole entropy [4] , [5] . Partition Hilbert space into pieces A and the complement B, H = H A ⊗H B , the entanglement (von Neumann) entropy is defined by S EE ≡ − tr ρ A log ρ A . The reduced density matrix, ρ A ≡ tr B ρ, is a partial trace of the full density matrix ρ over the degrees of freedom in B. For gauge theories where the observables are Wilson loops, such a partition might become an issue since a partition would cut some loops. Hilbert space of gauge fields is defined modulo the gauge transformation, the direct factorization as a product of two Hilbert spaces of the subsystems could be troublesome. See [6] , [7] , [8] , [9] for attempts to address this issue in lattice gauge theory.
It is often difficult to compute entanglement entropy (EE) directly, in particular for spacetime dimensions higher than two. There are several alternative ways to compute EE. One is the replica method where a conical singularity is introduced [10] , [11] , [12] . Another method (that we adopt in this letter) was introduced recently [13] (see also [14] ) by conformally mapping a vacuum state of a conformal field theory (CFT) onto a thermal state on the hyperbolic spacetime, S 1 × H d−1 . The radius R of the circle defines the temperature, T = 1 β = 1 2πR . The main observation is that the full casual development connected to the spherical region can be conformally mapped to the open Einstein space (or the static patch of de Sitter space). The computation of EE is then mapped to calculating thermal entropy via
AdS/CFT correspondence also provides a way to calculate EE [15] . Here we focus on field theory calculation. A minor nuisance of EE is its UV cut-off dependence. However, despite that the coefficients of power law divergences depend on regularization schemes, the log divergent term is scheme-independent hence becoming a universal result. We will focus on EE from a spherical entanglement surface in 4D flat spacetime. The log divergent term of EE is shown to be determined by the central charge [13] S EE,log = (−1)
where δ is the divergence cut-off. The type-A central charge "A" is defined by the conformal anomaly in even spacetime dimensions (d = 2n with n = 1, 2, 3...),
, where E d is the Euler density; I n are the Weyl invariants that defines the type-B anomalies, which will not contribute to EE in our discussion. Notice that (2) uses a scheme without introducing the so-called D-type trace anomaly. This is also the minimal scheme used recently in [16] , [17] to obtain the general stress tensors from conformal anomalies based on the method discussed in [18] . (See also a recent paper [19] for related discussion. In their footnote 2, it is suggested that the log term in EE for the U(1) gauge field might be related to this scheme dependent D-type trace anomaly. It would be interesting to see if the approach considered here can be further understood as the D-type anomaly contribution.) For 4D gauge fields with spin s = 1, the result predicted by the formula (2) is given by
This result can be confirmed using the vector heat kernel on manifolds with conical singularities [20] , [21] . However, to our knowledge, a direct field theory calculation via the approach developed in [13] reproducing this result is absent (besides directly adopting the anomaly coefficients). In [22] , a direct modification of the stress tensor is suggested to obtain this result. In this letter, we would like to see more closely what new ingredients are needed to give (3) . A better understanding of boundary effects should be important. Therefore, we will first revisit the formulation of a gauge theory in curved spacetime with boundary. Our main motivation is that finding a way to improve an alternative method of calculating EE might shed light on defining EE directly for general gauge theories.
(N ote added: Upon the author finishing this work, a new interesting paper [36] appeared where they used a different approach to discuss the entanglement entropy of a gauge field. They related the mismatch result that we will also discuss with the entangling boundary S 
The metric becomes
The prefactor Ω = (cosh u + cosh τ R ) −1 can be eliminated via the conformal transformation and the resulting metric is R × H 3 . The limits τ = ∞ → (t = ±R, r = 0); u = ∞ → (t = 0, r = R), confirm that the full causal development are covered after the mapping [13] .
We also use the heat kernel method. Let the kernel K(x, y, s) on a fixed spacetime background M satisfying the heat equation (∂ s +D)K(x, y, s) = 0 where D denotes a second order differential kinetic operator. A boundary condition is imposed, K(x, y, 0) = δ(x, y). The trace of the heat kernel is given by K(s) = M K(x, x; s) = i e −sλi with summation over all eigenvalues λ i of the operator D including possible degeneracy. The parameter s must have dimensions of length squared if the argument of the exponential is to be dimensionless. The partition function can be obtained by
Our starting point is the standard action of the U(1)
Due to the the gauge symmetry of the action, δA µ = ∇ µ λ, we will add the Lorenz gaugefixing term,
The gauge fixing procedure introduces the standard Fadeev-Popov ghostsb and b that are anti-commuting scalars with the action S gh = − b b. Adding the gauge fixing term, if we integrate by parts and simply drop surface terms and use
where the factor Det(− s ) stands for the Faddeev-Popov determinant. Factoring out the temporal index and performing a Gaussian integral over A τ yields
We write
by decomposing the total heat kernel via
with K ij (S 1 ) being a short hand for tr
The same notation applies on K s (scalar) parts.
The heat kernel on S 1 can be evaluated using the method of images preserving the periodic boundary conditions. The result is given by an infinite sum on an infinite line shifted by 2πRn(≡ nβ)
The n = 0 part is ignored because it will not contribute to EE. The heat kernels K ij (H 3 ) and K s (H 3 ) can be found in the literature [25] , [26] and are given by
Plugging these results into (9) gives
We next introduce an IR cut-off for the divergent V ol(H 3 ) via cosh(u max ) = R δ [13] . The scale of the hyperbolic curvature is arbitrary but we set it to be R for convenience. In 4D, one obtains a log term from V ol(H 3 ) = −2πR 3 log( R δ ) + ... Finally, using (1), we find a mismatch
Gauge fields in curved spacetime with boundary revisited: If a manifold has a boundary, we should be careful regarding a well-defined variation principle. In this section, we shall first consider general manifolds where the spacetime background is not yet fixed as S 1 × H 3 . The U(1) action (in Lorenz gauge) in curved spacetime with ghost fields reads
The action has the BRST symmetry defined by an infinitesimal anticommuting constant parameter :
provided that a boundary condition is imposed: Either ∇ n b| ∂M = 0 or ∇ µ A µ | ∂M = 0. In fact, when one writes the bulk ghost action as − Mb b, integration by parts is used and we should also impose a boundary condition: Either ∇ n b| ∂M = 0 orb| ∂M = 0 (whose BRST symmetry requires ∇ µ A µ | ∂M = 0). We will simply adopt ∇ n b| ∂M = 0 in the following.
We next emphasize that, different from the nonminimally coupled scalar fields, the original gauge field action (14) does not have second derivatives of the metric so that one does not really need to add a GibbonsHawking like term in the action. However, as we saw above, in the heat kernel method it is most natural to use an action which involves a second order differential operator D µν . Integrating the standard action by parts to produce the operator D µν naturally needs a Gibbons-Hawking like term. But one should not add a new term during an immediate calculation. Our resolution is that the Gibbons-Hawking like term should be derived in the gauge field case. More precisely, we con-
In the last line we integrate by parts one more time in order to obtain the Gibbons-Hawking like term that provides the cancellation involving ∇ n (δg µν ). K ab is the extrinsic curvature and n µ is the (spacelike) outward unit vector normal to ∂M. g ⊥ µν ≡ n µ n ν denotes a projection onto the directions perpendicular to the codimension-2 boundary (entangling surface). To our knowledge, no literature has mentioned this kind of treatment regarding a gauge field action in curved spacetime with boundary. (See, for example, [27] , [28] for different approaches.) Conical contact entropy: Let us recall that there is a contact term contribution to the entropy obtained from the conical method for gauge fields [29] (see also [30] ). If all surface terms are ignored, the U (1) action is simply given by
On a manifold M with a conical singularity, we are interested in the heat kernel for first-order change of the conical angle β away from 2π. The conical deficit introduces a singular curvature at the tip of a cone. The curvature can be expanded as [31] 
whereR µν vanishes in flat spacetime. The higher order terms in (17) do not affect EE. The entropy formula in the conical method reads S cone = (1 − β∂ β ) log Z(β)| β=2π . The ghosts do not contribute to the contact entropy. The partition fucntion of gauge fields can be written, using (17) , as (D µν ≡ δ µν −R µν .)
where the first termZ denotes the "regular" contribution. The second term leads to the contact entropy. In [32] , it is showed that the contact term contributes to the force between parallel cosmic strings. This suggests that the contact term might be physical. Although we will not adopt the conical approach in this letter, we make a remark that, as one can see from the action (16), deriving a Gibbons-Hawking like term from a BRST action would produce a codimension-2 surface term in general. Let us also remark that the codimension-2 surface term is intimately related to the expectaction value of Wald entropy [33] :
would be interesting to explore how the action (16) can be quantized in different kinds of spacetime manifolds.
Boundary conditions: Let us now go back to the hyperbolic approach to EE where the spacetime background is S 1 × H 3 . We consider the following boundary conditions to have a well-defined field equation of A µ
where n is the normal component while i and j represent the tangential components. This is referred to as the absolute boundary condition in [34] although there the surface action is different from ours. This set of boundary conditions is sufficient for us to have a well-defined field equation of A µ . The BRST invariance of the absolute boundary condition (19) and its consistency with the gauge choice are already mentioned in [34] . (One might want to consider the so-called relative boundary condition [34] :
However, in our case, because of the presence of the codimension-2 surface term, using this condition we need to futher impose ∇ n A n | ∂M = 0 and we see it causes inconsistency.)
Edge entropy from entangling surface: Here we suggest a way to resolve the mismatch in (13) . Recall that the gauge symmetry results in the gauge fixing condition ∇ µ A µ = 0. The gauge redundancy is determined by λ = 0. In the bulk, this residual gauge can be fixed by imposing a boundary condition on the boundary. However, the freedom of choosing different boundary data then might be interpreted as having edge degrees of freedom satisfying the constraint λ| S 2 = 0. (The boundary here we mean the explicit physical boundary Σ = S 2 with a radius r used to define the entanglement entropy. Note r = R before the mapping while r = R sinh u max viewed from hyperbolic space.) We suggest these boundary modes give additional contributions.
The bulk 4D action does not see any boundary modes since all surface terms are set to zero using the boundary conditions. We interpret the boundary mode's partition function by treating the constraint λ| S 2 = 0 as a field equation on S 2 and define the partition function again by (6) . The question then can be reduced to finding the correponding eigenvalues using the heat kernel method.
The heat kernel on S 2 is essentially given by solving the standard eigenvalue problem of the Laplacian on S 2 where the eigenvalues are l(l + 1) with the orbital quantum number l and the degeneracy 2l + 1. The eigenfunction is the familiar spherical harmonic. (See [35] for heat kernels in different spacetime manifolds.) The heat kernel (density) that we need is given by
We will be interested in the small s expansion. We use the Euler-MacLaurin formula
with a function f (l) satisfying f (n) (∞) = 0 for arbitrary n. We focus on the (scheme independent) log divergence and the higher order terms in (21) are irrelevant. From (20) and (21) we have
Define the partition function on S 2 as log Z(
, where V ol(S 2 ) = 4πr 2 which is simply the area of the entangle surface. The sindependent term in (22) gives the log divergence. Notice the gauge parameter λ is understood as the ghost b so it contributes as a negative massless scalar field on S 2 . We obtain the log term from the edge modes:
2 ). A dimensional scale R is inserted to have a dimensionless argument. Note the log term is independent of the radius of the entangle surface. We next identify the UV cut-off with the cut-off δ in regularizing Vol(H 3 ), = δ. The edge correction to the log term reads
which resolves the mismatch.
Renyi entropy: It is now straightforward to generalize our discussion to Renyi entropy defined by S q = log tr ρ q A 1−q . It has a simple relation to EE via S EE = lim q→1 S q . Having the partition function, we can calculate Renyi entropy by [14] :
| β→2πR . Using (12), we obtain S q,log = (q + 1) 31q
Let us also include the boundary modes. Note we should view the boundary contribution as an universal contribution (the log term) in the sense that it is independent of β and radius of the entangle surface. It then should be also independent of the parameter q inserted in temperature T = 1 2πRq . By adding the edge contribution (23), the full log divergent term of Renyi entropy is given by
This result is now consistent with [20] for gauge fields. If we use the standard heat kernels ( [25] , [26] ) to consider the conformally coupled scalar field, the log term in Renyi entropy can be obtained directly. We find
Take q = 1, it gives − 1 90 log( R δ ), which matches exactly with the expected type-A anomaly prediction. On the other hand, there is no mismatch problem for fermions. The heat kernel and related algebra can be found in literature (for example, appendix in [23] ). For useful reference, we list the correponding result of the 4D Dirac fermion:
Take q = 1, it gives the expected − 11 90 log( R δ ). In short, the field theory calculation of the log terms of the conformally coupled scalar field and massless fermion on S 1 × H 3 match directly with the anomaly prediction, without boundary modes needed. This might be consistent with the fact that the boundary modes contribute in the gauge field case due to the existence of the gauge symmetry.
Discussion: It would be interesting to better understand the boundary modes and explore its potential applications. It has been suggested in literature [6] [7] (See also [8] [9] ) that one might modify the decomposition as H = H A ⊗ H B ⊗ H ∂A , where H ∂A denotes the boundary Hilbert space, to have a special treatment of boundary in calculating EE of gauge fields. Let us make an initial attempt to see if this idea can be related to the approach here. If one wants to derive the edge contribution (23) from a classical action, an immediate issue is that a surface action will cause trouble regarding the variation principle when getting the bulk field equation. If we consider a boundary Hilbert space H S 2 separately, we might consider a surface action subjected to the path integral quantization in this separated Hilbert space. Then, to incorporate the contribution from the boundary, we define
. (28) (Since the edge part here does not have any gauge field, we simply define δb S 2 = δb S 2 = 0 so that the surface action is BRST invariant.) Notice that because of the intrinsic asymmetric treatment on ghost fields b andb in the BRST transformation, δA = ∇b in (15), the gauge redundancy in the theory (and the resulting boundary entropy) is solely determined by b in this framework, so we adopt Z(b, b) as the correct counting.
